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One of the main problems of theoretical physics is to find a satisfactory
theory which would generalize both the quantum field theory and the general
theory of relativity. It is widely recognized that in such a theory the geometry
of the space–time should drastically change at very small distances, compara-
ble with the Planck’s length. One of possibilities is to replace the space–time
by so called quantum space. In such an approach the role of the commuta-
tive algebra of functions on the space–time (generated in the simplest case by
the coordinates) is played by some noncommutative algebra. At the present
stage we are only able to test this idea in particular examples, which are
important in physics. Many classical objects were already deformed in the
above sense (cf. e.g. [19], [10], [17], [11], [3], [4], [20]). Here we deal with
the most interesting case, namely that of Minkowski space M endowed with
the action of Poincare´ group P . Examples of quantum Poincare´ groups and
their actions on quantum Minkowski spaces appeared e.g. in [7], [5], [21] (the
case of quantum Poincare´ groups and algebras extended by dilatations was
considered e.g. in [6], [18], [9], [8]), see also [1], [2]. The aim is to find the
classification of quantum Poincare´ groups and quantum Minkowski spaces as
well as mathematical and physical properties of those objects. We sketch the
results of four papers [13], [14], [15], [16].
The (connected component of) vectorial Poincare´ group
P˜ = SO0(1, 3)✄< R
4 = {(M, a) :M ∈ SO0(1, 3), a ∈ R
4}
has the multiplication (M, a) · (M ′, a′) = (MM ′, a +Ma′). By the Poincare´
group we mean spinorial Poincare´ group (which is more important in quan-
tum field theory then P˜ )
P = SL(2,C)✄< R4 = {(g, a) : g ∈ SL(2,C), a ∈ R4}
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with multiplication (g, a) · (g′, a′) = (gg′, a + λg(a
′)) where the double cov-
ering SL(2,C) ∋ g −→ λg ∈ SO0(1, 3) is the standard one. The group
homomorphism pi : P ∋ (g, a) −→ (λg, a) ∈ P˜ is also a double covering.
In particular, (−12, 0) ∈ P can be treated as rotation about 2pi which is
trivial in P˜ but nontrivial in P (it changes the sign of wave functions for
fermions). Both P and P˜ act on Minkowski space M = R4 as follows
(g, a)x = (λg, a)x = λgx+ a, g ∈ SL(2,C), a, x ∈ R
4.
Let us consider continuous functions wAB, yi on P defined by
wAB(g, a) = gAB, yi(g, a) = ai.
We introduce Hopf ∗-algebra Poly(P ) = (B,∆) of polynomials on the Poincare´
group P as the ∗-algebra B with identity I, generated by wAB and yi,
A,B = 1, 2, i ∈ S = {0, 1, 2, 3} endowed with the comultiplication ∆ given
by (∆f)(x, y) = f(x · y), f ∈ B, x, y ∈ P (f ∗(x) = f(x)). In particular,
∆wCD = wCF ⊗ wFD, (1)
∆yi = yi ⊗ I + Λij ⊗ yj, (2)
y∗i = yi, where
Λ = V −1(w ⊗ w¯)V, V =


1 0 0 1
0 1 −i 0
0 1 i 0
1 0 0 −1

 (3)
(we sum over repeated indices, one has VCD,i = (σi)CD where σi are the
Pauli matrices). Moreover, w is a representation, i.e. it is invertible (as 2×2
matrix with elements in B) and satisfies (1). Equivalences of representations
are defined as usual (by means of invertible matrices with complex entries),
e.g. Λ ≃ w ⊗ w¯. We put y = (yi)i∈S . One can also treat wCD as continuous
functions on the Lorentz group L = SL(2,C) (wCD(g) = gCD, g ∈ L). We
define Hopf ∗-algebra Poly(L) = (A,∆) of polynomials on L as ∗-algebra
with I, generated by all wCD endowed with ∆ obtained by restriction of ∆
for B to A. Clearly w and Λ are representations of L. It is easy to check
that
1. B is generated as algebra by A and the elements yi, i ∈ S.
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2. A is a Hopf ∗-subalgebra of B.
3. P =
(
Λ y
0 I
)
is a representation of B where Λ is given by (3).
4. There exists i ∈ S such that yi 6∈ A.
5. ΓA ⊂ Γ where Γ = AX +A, X = span{yi : i ∈ S}.
6. The left A-module A · span{yiyj, yi, I : i, j ∈ S} has a free basis consisting
of 10 + 4 + 1 elements.
( 5. and 6. follow from the relations yia = ayi, yiyj = yjyi, a ∈ A, and
elementary computations, a free basis is given by {yiyj, yi, I : i ≤ j, i, j ∈ S}).
According to [20], Poly(L) satisfies:
i. (A,∆) is a Hopf ∗-algebra such that A is generated (as ∗-algebra) by matrix
elements of a two–dimensional representation w
ii. w ⊗ w ≃ I ⊕ w1 where w1 is a representation
iii. the representation w ⊗ w¯ ≃ w¯ ⊗ w is irreducible
iv. if A′,∆′, w′ satisfy i.–iii. and there exists a Hopf ∗-algebra epimorphism
ρ : A′ −→ A such that ρ(w′) = w then ρ is an isomorphism (the universality
condition).
We define quantum Lorentz groups and quantum Poincare´ groups as ob-
jects having the same properties as the classical Lorentz and Poincare´ groups:
Definition 1 We say [20] that H is a quantum Lorentz group if Poly(H) =
(A,∆) satisfies i.–iv. We say [13] that G is a quantum Poincare´ group if Hopf
∗-algebra Poly(G) = (B,∆) satisfies the conditions 1.–6. for some quantum
Lorentz group H with Poly(H) = (A,∆) and a representation w of H.
Remark. The condition 5. follows from P⊗w ≃ w⊗P, P⊗ w¯ ≃ w¯⊗P,
while 6. is suggested by the requirement W (P ⊗ P) = (P ⊗ P)W for a
“twist-like” matrix W . Moreover, the condition 4. is superfluous (it follows
from the condition 6.).
Theorem 2 Let G be a quantum Poincare´ group, Poly(G) = (B,∆). Then
A is linearly generated by matrix elements of irreducible representations of
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G, so A is uniquely determined. Moreover, we can choose w in such a way
that A is the universal ∗-algebra generated by wAB, A,B = 1, 2, satisfying
(w ⊗ w)E = E,
E ′(w ⊗ w) = E ′,
X(w ⊗ w¯) = (w¯ ⊗ w)X,
where the triples E ∈ M4×1(C), E
′ ∈ M1×4(C), X ∈ M4×4(C) are listed in
Theorem 1.4 of [13]. We can (and will) choose yi in such a way that y
∗
i = yi.
In particular, it turns out that only quantum Lorentz groups with the
parameter q = ±1 are admissible. Nevertheless, there are many families
of admissible quantum Lorentz groups (numbered by some other parame-
ters). In the following we assume that G is a quantum Poincare´ group,
Poly(G) = (B,∆) and w, y are as in Theorem 2. Using the general theory of
inhomogeneous quantum groups [12], we find the full system of commutation
relations for B:
Theorem 3 B is the universal ∗-algebra with I, generated by A and yi with
relations
y ⊗ v = Gv(v ⊗ y) +Hvv − (Λ⊗ v)Hv,
(R − 1)(y ⊗ y − Zy + T − (Λ⊗ Λ)T ) = 0,
y∗i = yi, i ∈ S,
for any v ∈ Rep G (the set of all representations of G), where (Gv)iC,Dj =
fij(vCD), (Hv)iC,D = ηi(vCD), R = GΛ, Z = HΛ and Tij ∈ C, fij , ηi ∈ A
′
(i, j ∈ S) satisfy the conditions of Theorem 1.5 of [13]. ∆ is given by (1),(2).
Moreover, (B,∆) gives a quantum Poincare´ group if and only if a system of
linear and quadratic equations listed in the proof of Theorem 1.6 of [13] is
fulfilled.
It turns out that there are two choices for f determined by a number
s = ±1 - the calculations are made for each s separately and the results
are given in terms of HEFCD = VEF,iηi(wCD) and TEFCD = VEF,iVCD,jTij .
We solve [13] the above system of equations for almost all quantum Lorentz
groups (except two cases, including the classical Lorentz group for which
a large class of solutions is known). Moreover, we single out unisomorphic
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objects. The classification is presented in Theorem 1.6 of [13]. We also
identify few examples which were known earlier (cf. [7], [5], [21]). We prove
that B has exactly the sime “size” as in the undeformed case. Namely,
BN = A · span{yi1 · . . . · yin : i1, . . . , in ∈ S, n = 0, 1, . . . , N}
is a free left A-module and
dimAB
N =
N∑
n=0
dn
where dn is the number of classical monomials of nth degree in 4 variables.
We denote by l : P×M −→M the action of Poincare´ group on Minkowski
space, C = Poly(M) denotes the unital algebra generated by coordinates xi
(i ∈ S) of the Minkowski space M = R4. The coaction Ψ : C −→ B ⊗ C and
∗ in C are given by (Ψf)(x, y) = f(l(x, y)), f ∗(y) = f(y), x ∈ P , y ∈ M .
One gets
Ψxi = Λij ⊗ xj + yi ⊗ I. (4)
We define a quantum Minkowski space as object having the same prop-
erties as the classical Minkowski space:
Definition 4 We say that (C,Ψ) describes a quantum Minkowski space as-
sociated with a quantum Poincare´ group G, Poly(G) = (B,∆), if C is a unital
∗-algebra generated by xi, i ∈ S, Ψ : C −→ B⊗C is a unital
∗-homomorphism,
(4) holds and other conditions of Definition 1.10 of [13] are satisfied.
Theorem 5 Let G be a quantum Poincare´ group with w, y as in Theorem
2. Then there exists a unique (up to a ∗-isomorphism) pair (C,Ψ) describing
associated Minkowski space:
C is the universal unital ∗-algebra generated by xi, i = 0, 1, 2, 3, satisfying
xi
∗ = xi and
(R− 1)(x⊗ x− Zx+ T ) = 0,
and Ψ is given by (4). Moreover,
dim CN =
N∑
n=0
dn,
where CN = span{xi1 · . . . · xin : i1, . . . , in ∈ S, n = 0, 1, . . . , N}.
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The next our goal is to find the differential structure on quantumMinkowski
spaces. It turns out [14] that there exists a unique 4-dimensional covariant
first order differential calculus on a quantumMinkowski space provided F˜ = 0
where
F˜ = [(R− 1)⊗ 1]{(1⊗ Z)Z − (Z ⊗ 1)Z + T ⊗ 1− (1⊗R)(R⊗ 1)(1⊗ T )}
(otherwise there is no such a calculus). This condition singles out a large
class of quantum Minkowski spaces [14]. From now on we assume that this
condition is fulfilled. In particular, there exists a C-bimodule Γ∧1 (of differ-
ential forms of the first order) and a linear mapping d : C −→ Γ∧1 such that
d(ab) = a(db) + (da)b, a, b ∈ C, and dxi, i ∈ S, form a basis of Γ
∧1 (as right
C-module). We prove
xidxj = Rij,kldxkxl + Zij,kdxk, i, j ∈ S.
This calculus prolongates to a unique exterior algebra of differential forms,
with the same properties as in the undeformed case. In particular it possesses
∗ such that (dxi)
∗ = dxi.
The partial derivatives ∂i : C −→ C are uniquely defined by
da = dxi∂i(a), a ∈ S.
They can be also obtained as
∂i = (Yi ⊗ id)Ψ
where Yi ∈ A
′ are introduced in the proof of Proposition 3.1.2 of [14].
The metric tensor g = (gij)i,j∈S (its entries are called in [14] by g
ij) is
defined by the equations (Λ ⊗ Λ)g = g (or ΛgΛT = g) and gij = gji. After
the choice of a real factor we fix it as
g = −2q1/2(V −1 ⊗ V −1)(1⊗X ⊗ 1)(E ⊗ τE),
where τ is always a standard twist. Then the Laplacian is defined by
✷ = gij∂j∂i. It commutes with the partial derivatives and therefore the
momenta Pl = i∂l are well defined in the spaces of solutions of the Klein–
Gordon equation (✷+m2)ϕ = 0. One proves that the momenta1 P k = gklPl
1in this case we relax our rule of writing all indices in the subscript position
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and Laplacian are hermitian and have good transformation properties. The
commutation relations among partial derivatives and with the coordinates
are as follows:
∂l∂k = Rij,kl∂j∂i,
∂ixk = δki + (Rkl,inxn + Zkl,i)∂l.
Let us now pass to the particles of spin 1/2 [16]. First we define the space
of bispinors as C4 endowed with a representation G ≃ w ⊕ w¯ of a quantum
Poincare´ group. We choose G = cw ⊕ w¯ where cw = (wT )−1 ≃ w. We are
going to find the gamma matrices γi ∈M4×4(C), i ∈ S. At the moment they
are not determined yet. The Dirac operator has form ∂/ = γi ⊗ ∂i. It acts
on the bispinor functions φ ∈ C˜ ≡ C4 ⊗ C (in a more advanced approach
we should consider square integrable functions φ). They can be written as
φ = εa⊗φa where εa, a = 1, 2, 3, 4, form the standard basis of C
4. We define
the action Ψ˜ : C˜ −→ B ⊗ C˜ of quantum Poincare´ group on C˜ by
Ψ˜(εa ⊗ φ
a) = Galφ
(1)
a ⊗ εl ⊗ φ
(2)
a
where Ψ(φa) = φ(1)a ⊗ φ
(2)
a (Sweedler’s notation, exception of the summation
convention). Then the classical condition of invariance of the Dirac operator
is generalized to
Ψ˜(∂/φ) = (id⊗ ∂/)[Ψ˜(φ)], φ ∈ C˜.
According to Theorem III.1 of [16], the above condition is equivalent to
γi =
(
0 bAi
aσi 0
)
, i ∈ S,
where
Ai = q
−1/2ET (σi ◦D)E, (5)
(σi ◦ D)KL = (σi)ABDAB,KL, D = τX
−1τ , a, b ∈ C (E is regarded here as
2× 2 matrix). Thus we have found the form of the Dirac operator up to two
constants. But Theorem III.2 of [16] says that the following are equivalent:
1. ∂/2 =✷.
2. γiγj +Rji,lkγkγl = 2gji1, i, j ∈ S.
3. ab = 1.
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Moreover, the remaining freedom in the choice of a results in a trivial scaling
of the undotted spinor and we can set a = b = 1. Thus we have obtained
γi =
(
0 Ai
σi 0
)
where Ai are given by (5). Now the form of the Dirac equation (i∂/+m)ϕ = 0
is determined.
In the next step we find (formal) solutions of Klein–Gordon and Dirac
equations in two important cases (Section 4 of [14]). In one of them we use (as
a tool during calculations) an additional algebra F and its representations.
Specific calculations are made in [16] (including the form of metric tensor,
gamma matrices, representations of F and the solutions of Klein–Gordon
and Dirac equations). For spin 0 particles the momenta Pj = i∂j . For spin
1/2 particles we set [16] the momenta as
P˜j = i∂˜j , (6)
∂˜j = (Yj ⊗ id)Ψ˜ : C˜ −→ C˜ (7)
(motivation: (6)–(7) remain true if we omit tildas everywhere). We get four
objects P˜ k = gkjP˜j which have good transformation properties, commute
with the Dirac operator and are hermitian w.r.t. (indefinite) inner product
in the space of bispinors. However, in many cases their spectral properties are
not satisfactory. The problem of further improvement in this matter remains
open. We also study certain expressions like the deformed Lagrangian. They
transform themselves in a similar way as in the standard theory.
It turns out (cf. Theorem 1.13 of [13]) that there exist invertible matrices
W such that W (P ⊗ P) = (P ⊗ P)W and the Yang–Baxter equation
(W ⊗ 1)(1⊗W )(W ⊗ 1) = (1⊗W )(W ⊗ 1)(1⊗W )
is satisfied. Namely, up to a constant they are given by the unit matrix and
RQ =


R Z −R · Z (R− 1⊗2)T + b · g
0 0 1 0
0 1 0 0
0 0 0 1

 ,
where b ∈ C.
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In [15] we show the existence of R ∈ (B ⊗ B)′ such that (B,∆,R) is a
coquasitriangular (CQT) Hopf algebra. In other words, for any v, z ∈ Rep G
we define
Rvz ∈ Lin(Cdim v ⊗Cdim z,Cdim z ⊗Cdim v)
by
(Rvz)ij,kl = R(vjk ⊗ zil), j, k = 1, . . . , dim v, i, l = 1, . . . , dim z,
and prove
R1v = Rv1 = 1,
Rv1⊗v2,z = (Rv1z ⊗ 1)(1⊗Rv2z),
Rv,z1⊗z2 = (1⊗Rvz2)(Rvz1 ⊗ 1),
(z ⊗ v)Rvz = Rvz(v ⊗ z),
for all v, v1, v2, z, z1, z2 ∈ Rep G (1 = (I) is the trivial representation).
The classification of all CQT Hopf algebra structures (for all quantum
Poincare´ groups) is done in Theorem 3 of [15]. In particular, RPP = RQ,
RvP =
(
Gv, Hv
0, 1
)
,
RPv = (RvP)−1, Rww = kL, Rww¯ = kX , Rw¯w = qkX−1, Rw¯w¯ = kτLτ , for all
representations v of the corresponding quantum Lorentz group H (these data
determine R uniquely), where L = sq1/2(1+ qEE ′), k = ±1 (two possible R
for each b ∈ C).
We have to do with CQT Hopf ∗-algebra iff R(y∗ ⊗ x∗) = R(x ⊗ y),
x, y ∈ B, iff q = 1 and b ∈ R. We have cotriangular (CT) Hopf algebra iff
(Rvz)−1 = Rzv for all v, z ∈ Rep G iff q = 1 and b = 0 (so then it is also a
CT Hopf ∗–algebra).
Using the above results, universal enveloping algebras for quantum Poincare´
groups are introduced. Their commutation relations are investigated. More-
over, we classify C(Q)T Hopf (∗–)algebra structures for quantum Lorentz
groups. We also show some general statements concerning coquasitriangu-
larity. The results of [15] are used in Section 5 of [14] to define the Fock
space for non-interacting particles of spin 0 on a quantum Minkowski space.
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Then we take a CT Hopf ∗-algebra structure R as above and introduce the
particles interchange operator K : C ⊗ C −→ C ⊗ C by
K(x⊗ y) = R(y(1) ⊗ x(1))(y(2) ⊗ x(2)),
where Ψ(x) = x(1) ⊗ x(2), Ψ(y) = y(1) ⊗ y(2). It defines the action of the
permutation group Πn in C
⊗n (Πn ∋ σ −→ piσ) which agrees with the action
of the quantum Poincare´ group G. Thus G acts in the boson subspace C⊗sn. If
W : C → C is an operator related to a single particle then the corresponding
n-particle operator is given by
W (n) =
n∑
m=1
pi(1,m)(W ⊗ 1
⊗(n−1))pi(1,m) : C
⊗sn → C⊗sn
(the m-th term is the operator in C⊗n corresponding to the m-th particle).
We can also define the Fock space F = ⊕∞n=0C
⊗sn and the operator ⊕∞n=0W
(n)
acting in F .
For particles of mass m we should consider ker(✷+m2) instead of C and
a scalar product there (heuristically e.g. W = P k, k ∈ S, would be hermitian
operators in such a space).
Results of [14] and [15] are proven also for general inhomogeneous quan-
tum groups (satisfying certain conditions). References to the existing litera-
ture are given in [13], [14], [15], [16].
Concluding, quantum Minkowski spaces and quantum Poincare´ groups
have a lot of properties similar to that of the classical ones. It suggests a
possibility of building more advanced physical models which use those ob-
jects. However, it would need further studies concerning deformed quantum
field theory and interaction of particles. There is also another advantage of
quantum Minkowski spaces: the fact that there are many possibilities in the
choice of parameters somehow forces us to find the proofs which have good
geometric meaning. In particular, the invariance of the Dirac operator turns
out to be equivalent to the fact that some object built from the gamma
matrices intertwines two specific representations of the quantum Poincare´
group. Then the form of gamma matrices is easy to find (without using the
Lie algebra at all).
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